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ABSTRACT: Many properties (e.g., film formation) of a polymer depend on the full molecular weight 
distribution (MWD) as well as on the averages of this distribution. Moreover, the MWD contains the 
complete kinetic history of a polymerization system, and hence an experimental MWD can yield 
considerable mechanistic information. Complete equations are developed which enable the MWD to be 
calculated for a wide range of straight-chain free-radical polymerizations. These equations also give 
insight into the qualitative form of the MWD, thus providing a method for extracting kinetic and 
mechanistic information from experimental MWDs. Methods are also described which enable numerical 
solutions to be obtained for the resulting nonlinear integrodifferential equations. The scheme takes into 
account initiation, transfer, propagation, and termination, allowing all of these to be dependent upon 
the degrees of polymerization of the chains involved. The model is applicable to bulk and solution 
polymerizations and to compartmentalized systems (conventional and micro- and miniemulsion poly- 
merizations); in the latter case, phase-transfer events (radical entry into and exit from latex particles, 
and the aqueous phase kinetics of the various radical species) are specifically included. The dependence 
of the termination rate coefficient upon the lengths of both participating chains is especially important 
in systems where termination is kinetically significant. Approximate analytical solutions are also 
developed for a number of cases of interest. These show that the instantaneous number MWD at high 
molecular weights is a single exponential-even when termination occurs to a significant extent-which 
is a direct consequence of the chain-length dependence of termination rate coefficients, Le., most 
termination events involve at least one very short chain. When the concentration of radicals in the system 
is low, the “decay constant” of the exponential part of the MWD is given by the ratio of transfer to 
propagation rate coefficients. In addition, the cumulative MWD frequently has the same behavior as 
the instantaneous MWD. This has the important implication that considerable mechanistic information 
can be obtained from size exclusion chromatography data by plotting ln(number MWD) against molecular 
weight. Such plots can reveal, for example, the termination mechanism that controls the MWD, values 
of transfer constants, and nucleation mechanisms in emulsion polymerization. Illustrative calculations 
are carried out for a number of systems. These verify the conclusions from the approximate analytic 
solutions and show also that the MWD in bulk or solution polymerizations at low conversions and high 
initiator concentrations is sensitive to the mode of termination (combination or disproportionation). 

1. Introduction 
The molecular weight distribution (MWD) of a poly- 

mer is a record of the kinetic history of the reactions 
which occurred during its formation. Therefore, it is 
an important source of information about the kinetic 
processes that have taken place in polymerization 
systems. Providing that this information can be ex- 
tracted from the MWD in a sensible and unambiguous 
manner, insight can be gained into the processes by 
which new chains are born, grow, and die. This process 
of extraction of information from free-radical polymer- 
ization systems is inherently difficult for two main 
reasons: first, that chain-forming, -growing and -stop- 
ping events, which control the MWD, normally occur 
continuously throughout the course of a polymerization, 
making it difficult to separate effects from different 
sources, and second, that the mechanism of termination 
between two radical species, and therefore the form of 
the MWD, can change during the course of a poly- 
meri~ationl-~ due to changes in the relative amounts 
of monomer and polymer in the system. 

Averages of the molecular weight of a polymer are 
important because they affect many of the physical 
properties of the polymer. The literature5 contains 
many correlations between mechanical properties and 
the average molecular weight of polymers. However, 
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often the average molecular weight is not sufficient to 
describe the influence of molecular weights on many 
mechanical properties. One example6 is the rate of film 
formation and the minimum film-forming temperature 
for a latex formed by emulsion polymerization. A simple 
average of the molecular weight distribution is not 
adequate for the purpose of properly characterizing this 
process. 

Many methods for calculating the MWD in free- 
radical polymerization systems exist in the literat~re.~-l~ 
None, however, have properly taken account of the fact 
that termination rate coefficients are dependent upon 
the size (or length) of the radicals involved (an idea 
which was fist suggested by Benson and North17) while 
at the same time providing understanding of the shape 
of the MWD. This therefore stands as the central aim 
of this work, to take proper account of the chain-length 
dependence of termination rate coefficients while re- 
taining some connection between the physical and 
chemical processes occurring in the polymerization and 
the form of the MWD produced. The most complete and 
physically realistic model for termination developed so 
far is that of Russell et al.,18J9 and therefore this work 
takes that model as its starting point. This work 
develops a quantitative description of the MWD which 
requires no simplifyng assumptions as to the variation 
of the termination rate coefficient with chain length. 

The overall objectives of this work are 2-fold: to 
provide a methodology for extracting kinetic information 
from both homo- and heterogeneous free-radical polym- 
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erization systems in which chain formation is a continu- 
ous process and to predict the molecular weight distri- 
bution for systems in which the kinetics are well 
understood. Furthermore, if the MWD predicted in 
systems where the kinetics are thought to be well 
understood is different from that measured experimen- 
tally, then the applicability of the kinetic scheme in use 
must be questioned. 

We start by examining a simple zero-one compart- 
mentalized system, i.e., one in which the maximum 
number of radicals per locus of polymerization is one, 
which corresponds to Smith-Ewart cases 1 and 2.20 We 
derive an exact analytical form for the MWD in this 
system that is equivalent to, but conceptually simpler 
than, previous work9J3 for this system. We next give 
the equations governing the MWD in a zero-one-two 
system, including chain-length-dependent termination, 
and show that no simple analytical expression for the 
MWD exists. While numerical solutions of the MWD 
in this system can be obtained in principle, this was not 
implemented in the present work. These equations for 
the zero-one-two system are given here to provide a 
starting point for, and to establish a minimum level of 
theory that should be included in, future work. The 
major contribution of the present work is the third case, 
where we examine polymerization in the bulk or in 
systems in which compartmentalization is unimportant, 
so called pseudobulk systems, also equivalent to Smith- 
Ewart case 3.20 For this case we derive an approximate 
analytical solution that allows the functional form, but 
not exact numerical values, of the MWD to be under- 
stood in terms of the rates of initiation, propagation, 
transfer, and chain-length-dependent termination. It 
is from this result that a large amount of understanding 
of the factors controlling the MWD can be gained. We 
then develop a method for numerical solution of the 
(pseudo)bulk MWD. Finally, we present illustrative 
calculations of the MWD in bulk or pseudobulk poly- 
merizations under a variety of experimental conditions. 

This work introduces a number of fundamental new 
results and has important implications for the inter- 
pretation of MWDs. The formalism of the derivation 
of the MWD used here leads to  a novel method for 
plotting experimental MWDs, as the natural logarithm 
of the number of chains as a function of their length (or 
molecular weight), that allows the extraction of both 
qualitative and quantitative information. The most 
immediately applicable of these is that transfer con- 
stants or rate coefficients can be extracted from the high 
molecular weight portion of the MWD when plotted in 
this way. Of further interest is that the type of 
termination that occurs in a polymerization system 
(combination versus disproportionation) has a qualita- 
tive effect on the MWD when plotted in the manner 
suggested by this work, in the former case giving a curve 
with a maximum and in the latter a monotonically 
decreasing curve. 

2. Zero-One Systems 
The equations presented in this section are applicable 

to free-radical polymerization systems in which com- 
partmentalization of radicals is important and specifi- 
cally when the maximum number of radicals per locus 
of polymerization is one. Such systems can include 
emulsion, midroemulsion, and miniemulsion polymer- 
izations, although the equations presented here have 
been written using the notation and mechanistic infor- 
mation applicable to  emulsion polymerizations. 
A. Equations Describing Radical Chain-Length 

Distribution and Molecular Weight Distribution. 
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The molecular weight distribution of a polymer is the 
distribution of molecular weights of dead polymer. For 
our purposes we will more often refer to the chain-length 
distribution (CLD), where "chain length" is equivalent 
to the number of monomer units contained in the chain. 
The MWD and CLD are trivially related by the molecu- 
lar weight of the monomer unit. The CLD is found from 
the chain-length distribution of radicals (RCLD) and the 
rate of chain-stopping events. Therefore, before the 
MWD can be found the RCLD must be known. 

The original approach of Smith and Ewart20 for 
modeling the kinetics in this type of system was to write 
rate equations in terms of the fraction of latex particles 
with zero and one radical per particle. For the purpose 
of this work, which has the elucidation of molecular 
weight distributions as its aim, it is also necessary to 
take account of the length of the radicals in those 
particles which contain a radical. We define the fraction 
of particles with zero radicals as Ro and the fraction of 
particles containing one radical with degree of polym- 
erization i as Rl,i. 

In zero-one systems the following events can occur 
(i) entry of initiator-derived radicals into particles, 

with first-order rate coefficient @I, 
(ii) re-entry of radicals which have previously des- 

orbed from a latex particle, with rate coefficient ere, 
(iii) entry of radicals created by thermal processes 

either in the aqueous phase or on the surface of the latex 
particles, with rate coefficient eth, 

(iv) desorption of monomeric radicals created by 
transfer, from latex particles into the aqueous phase, 
with rate coefficient km, 

(v) propagation of radicals within the particles, with 
rate coefficient k,i for the ith propagation step or k, 
when chains are long, and 

(vi) transfer of radical activity to monomer, with rate 
coefficient ktr, which can then desorb or propagate. 

By the definition of a zero-one system, entry of any 
species into a particle which already contains a radical 
is assumed to result in instantaneous termination, 
thereby ensuring that no particle can contain more than 
one radical. It is important to  realize that in a zero- 
one system those species which enter as a result of 
initiator decomposition will have a length z21 because 
in general initiator fragments are hydrophilic and only 
become surface-active after the addition of a few ( z )  
monomer units, whereas those that re-enter from the 
continuous phase are monomeric in length (i = 1). For 
the purpose of simplicity, and due to  a lack of definite 
information, radicals created by thermal processes will 
also be assumed to  have a length z, thereby ensuring 
that they cannot immediately desorb. The total rate of 
entry, e, is given by: 

(1) 

The model employed here for zero-one kinetics is 
based upon the work of Ugelstad and Hansen,22 No- 
m ~ r a , ~ ~  Asua et al.,24,25 and Casey et al.26,27 which takes 
into account the above events, particularly the realiza- 
tion that only monomeric radicals created by transfer 
can desorb and that taking account of the fate of 
desorbed free radicals is more complicated than previ- 
ously assumed. This model is trivially extended to take 
into account the length of radicals in the R1 particles. 
Here we allow k, to depend upon chain length for all 
degrees of polymerization, while realizing that realisti- 
cally k, will only vary from the long-chain value over 
the first few propagation steps. We therefore have the 
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following population balance equations: 
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the same length as the radical which was involved in 
the transfer reaction, but re-entry will result in a dead 
chain with one more monomer unit and entry of initia- 
tor-derived radicals will result in a lengthening of the 
chain by z monomer units when a dead chain is formed. 
We can therefore write the following expression for the 
instantaneous rate of production of dead chains of 
degree of polymerization z: 

dPi 
- dt = ktr[MIRl,i + Qr81 , i -1  -k @ARl,i--z (lo) 

The symbol Pi denotes the cumulative CLD. The 
instantaneous CLD will be referred to as P,. 

dPi 
p. = - (11) 

l -  dt 

B. Analytical Solution. For an initial examination 
of the form of the radical chain-length distribution, more 
insight can be gained by working with the equivalent 
of eqs 2-10 in integral form, i.e., by treating the Ri as 
a continuous function of the degree of polymerization. 
Russell et a1.18 have given a justification of the validity 
of this treatment. The populations R1,i are now replaced 
by R1(N where N is the continuous degree of polymer- 
ization. 

The change to continuous variables allows the follow- 
ing identity to be used 

kt,[MIRl,l - k,'[MIRl,l (2) 

= QARodi, - QRi,i - kt,[MIRl,i -t 
dR,, 

dt 
ki-l[MIRl,i.-l - ki[MIRl,i, i > 1 (3) 

where @A = @I + @th and 6i, is the Kronecker 6 (6ij = 1, 

The value of Rl,i can be found by making the steady- 
i = j .  9 6. ZJ ' = 0, i tj). 

state approximation in equations 2 and 3: 

where the average number of radicals per particle, ii, 
is given by 

ce 

f i  = D,,i 
i=l  

andz6 

in which ktaq is the termination rate coefficient for 
aqueous phase radicals (PI, N, is the number concen- 
tration of latex particles, and k d  is the rate coefficient 
for decomposition of initiator (I). The rate coefficient 
for re-entry of aqueous phase monomeric radicals into 
latex particles, k,,, can be foundz6 (at least in the 
absence of polymeric stabilizers) from the Smoluchowski 
equation with the further realization that the mono- 
meric radical species will diffuse much more quickly 
than the latex particles and that the size of the latex 
particles is much larger than that of a monomeric 
radical. Hence 

k,, = 4nNADzonr, (9) 

where D20n is the diffusion coefficient of monomer in 
the aqueous phase and rs is the swollen radius of the 
latex particle. 

Equations 4-9 above define the RCLD for a zero- 
one system within the model of Casey et a1.26 Solution 
of these equations requires an iterative procedure in 
which ii is guessed and then eqs 4, 5, and 7 are 
evaluated, after which a new value of ii can be obtained 
from eq 6. The procedure is then repeated until 
convergence in ii is achieved. 

In this work we are especially concerned with the 
general form of the MWD, and this can be determined 
without numerically solving eqs 4-9. In this system 
there are two events which can lead to dead polymer: 
tranfer and entry. Transfer results in a dead chain with 

~ i k i R , , ~  ak,(N)Rl(N) 
Ai aN (12) 

We can therefore write (if k, is independent of degree 
of polymerization) 

- -- 

or, more generally, 

The RCLD for chains longer than z can be found by 
integrating the steady-state (in time) solution of eq 13 
from z to  N ,  assuming that k, is independent of degree 
of polymerization: 

As the value of z is normally small (z  << N, for most N), 
it is possible to simplify eq 15 further: 

Equation 16 describes the RCLD well for all but the 
smallest chains. We can therefore write an expression 
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for the instantaneous rate of production of dead chains 
of degree of polymerization N: 
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the distribution will be a sum of exponentials and 
therefore the polydispersity of tbe cumulative distribu- 
tion, found by replacing P with P in eqs 20 and 21, will 
be greater than or equal to 2. 

For most modeling purposes, the approximations 
made to obtain eq 18 are quite accurate. This is 
particularly true if size exclusion chromatography (SEC) 
is used to measure the MWD as this technique is less 
sensitive at the molecular weights of oligomeric species, 
precisely the region of the MWD that is affected by the 
assumptions made in arriving a t  eq 18. 

A n  important consequence of the form of eq 18 is that 
experimental MWDs (when plotted as In &M) vs M) of 
zero-one systems should be either straight lines (if e 
is small) or, more probably, concave up at low molecular 
weights and approaching a straight line for large 
molecular weights; this latter type of MWD is due to 
polymer produced at different stages of the polymeri- 
zation having different instantaneous MWDs. However, 
there is experimental evidence due to Whang et Aal.28 
which shows a distinct maximum in the plot of In P(M) 
vs M, which they attributed to termination caused by 
coagulative nucleation. That explanation is consistent 
with this work. Future work is planned to include the 
possibility of coagulative nucleation in the kinetic 
scheme presented above. 

3. Zero-One-Two Systems 
We now turn our attention to an extension of the 

zero-one system that allows for the fact that termina- 
tion is not in general instantaneous once entry occurs 
into a particle already containing a free radical. In this 
system a particle can contain zero, one, or two radicals. 
As will be shown this greatly increases the complexity 
of the system, and no simple solution is possible. It 
should also be noted that there is no mechanism in this 
model that prevents a particle from containing three or 
more free radicals. The model is therefore only ap- 
plicable when the rate of entry is significantly less than 
the rate of termination but the termination is not 
instantaneous. 

Other workersgJ3 have already examined the zero- 
one-two emulsion polymerization system for the case 
where termination between two radicals in a particle 
is independent of the length of those radicals. In this 
work we include chain-length-dependent termination as 
well as a more realistic, but by no means completely 
accurate, treatment of desorption and entry. Previous 
work on this system has allowed all radicals the 
possibility of exiting (desorbing) from a particle, but this 
approach can easily be seen to be physically incorrect 
due to the essentially zero solubility of large organic 
molecules in the aqueous phase. In fact, only the very 
smallest radicals, those created by transfer, have any 
appreciable solubility in the aqueous phase. Therefore 
only these small radicals could possibly desorb from a 
latex particle. 

It will be seen that including such phenomena as 
chain-length-dependent termination and a physically 
realistic picture of desorption greatly increases the 
computational power required to determine a numerical 
solution and that no simple relationship equivalent to 
eq 18 for the zero-one case can be obtained. The 
equations describing the RCLD and MWD are given 
here, without numerical solution, to  establish the 
minimum level of detail that is required in the modeling 
of such systems. 

Equations Describing Radical Chain-Length Dis- 
tribution and Molecular Weight Distribution. The 

OL 
(17) 

To simplify eq 17, we realize that for most values of N 
for a particular polymer N >> 19 and therefore the terms 
R(N - 1) and R(N - z )  can be replaced by R(N). We 
here include this simplification for conceptual clarity but 
note that in simulations performed with computer it is 
unnecessary. 

When N >> z (which is most of the distribution), the 
form of the CLD is given by 

Stated in another manner, a plot of In P(N) versus N 
would have a slope of -(e + kdMl)/k,[MI. A complicat- 
ing factor is that [MI changes during the course of a 
polymerization due to the conversion of monomer into 
polymer. Furthermore, e is dependent upon ii (through 
ere) and [Ma,], the aqueous phase concentration of 
monomer (through @I). Therefore the value of the slope 
of a In P(N) versus N plot will change during the course 
of a polymerization. For the case in which e - 0, the 
slope of the above-mentioned plot would be independent 
of time (and also conversion) and equal to -(ktJkp). 

It is also worthwhile a t  this point to  give the equiva- 
lent of eq 18 for the case in which a chain-transfer agent, 
A, with a transfer rate coefficient of ktrA is added. 

As can be seen from eq 19, the introduction of a chain- 
transfer agent other than monomer results in an equa- 
tion for the CLD that is no more complicated than 
without the transfer agent: one simply replaces the 
term &[MI with kdMI + ktr~[Al.  

The form of eqs 18 and 19 shows that the instanta- 
neous number MWD, P ( W ,  produced a zero-one system 
should be a single-exponential distribution. The dis- 
tribution has this form because all chain-stopping 
events are independent of chain length. The single- 
exponential nature of the instantaneous number MWD 
means that the polydispersity, the ratio of the weight- 
to number-average molecular weight ((Mw)/(Mn)), of 
polymer produced at any moment is 2. The number- 
and weight-average molecular weights for the instan- 
taneously formed polymer are defined as 

J4M2P(M, 
(Mw> = (20) 

J4MP(M, 

(21) 

When the cumulative distribution, P(M), is considered, 
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kinetic processes which must be included in the analysis 
of the zero-one-two systems are outlined below. Some 
approximations and simplifications have been included 
in the model presented here, but this has only been done 
to simplify the equations presented below. If a numeri- 
cal solution of these equations were to be performed, 
then the extra detail could be included with negligible 
increase in computational time or difficulty. These 
kinetic processes are 

(i) Entry, which is here assumed to be of monomeric 
species. The fact that entering species (particularly 
those derived from initiator decomposition) are gener- 
ally larger than monomeric species has been neglected 
in keeping with the aims presented above. 

(ii) Desorption of monomeric radicals. Unlike in the 
zero-one system discussed above, for the zero-one- 
two system all entering species are taken to be mono- 
meric and therefore the possibility of initiator-derived 
radicals desorbing is included in this system. Again, 
this is done for simplification, and a more rigorous 
treatment should take into account that only those 
radicals created by transfer reactions can desorb from 
the latex particles. 

(iii) Propagation. This is straightforward, the rate of 
propagation in particles with two radicals being just 
twice the rate in particles with one radical. 

(iv) Transfer to monomer, by which a radical becomes 
a dead chain and a monomeric radical is created from 
monomer. 

(v) Termination between two radicals in a particle 
which depends on the volume of the particle and their 
diffusion coefficients, which are in turn dependent on 
the size of the radical chains. 

We distinguish particles according to the number of 
radicals they contain and define the populations Ro, R1, 
and RZ as the fraction of particles with zero, one, and 
two radicals, respectively. The R1 and R2 particles are 
further distinguished on the basis of the length of the 
radicab) contained therein. We therefore define R1- 
( N )  as the fraction of particles containing an N-meric 
radical and R2(N,”) as the fraction of particles contain- 
ing an N-meric radical and an N’-meric radical, where 
N’ I N .  Up until this point, the treatment presented 
here is equivalent to the doubly-distinguished distribu- 
tion of Lichti et al.9 However, it is necessary to  further 
subdivide the Rl(N) particles into Rl(1) and R1(N, 
where N > 1, because of the fact that only monomeric 
radicals can desorb, and t o  subdivide the RdN,”) 
particles into Ra(1,l) and RZ(N,l), where N > 1, and Rz- 
(N,”), where N 2 N’ > 1, for the same reason. 

It should be noted that we have written the equations 
below in terms of degrees of polymerization that are 
continuous, as was done for the zero-one system. This 
has been done without writing the discrete equations 
to enable us to keep the notation clear. The evolution 
equations are 

-- - kp[MIRl(N - 1) + kdMR2(N,1) - &(N) - 
dt 

The rate parameters in eqs 22-27 are the same as 
those used for zero-one systems. The pseudo-first- 
order termination rate coefficient for termination be- 
tween two radicals with degrees of polymerization N and 
N’ is given by c(N,”) and related to kt by the expression 

(28) 

where V, is the swollen volume of a latex particle. 
Equations 22-27 are exact within the confines of the 

mechanistic assumptions made in points i-v above. To 
further simplify the system, the steady-state assump- 
tion can be made. This assumption will not be valid at 
the beginning of the reaction when the average number 
of radicals per particle is rapidly increasing, i.e., during 
the approach to steady-state conditions. In practice this 
time is short compared to the time over which dead 
polymer is produced and the full time-dependent solu- 
tions of eqs 22-27 are unnecessary. Furthermore, the 
rate of production of dead polymer during the approach 
to steady state is also lower than during the steady state 
thereby ensuring that the steady-state approximation 
is well justified. One then has 
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Following the example of Russell et al., we can write 
the following equations for the time evolution of Ri, the 
population of radicals with degree of polymerization i: 

2kp[MlR2(N - 1,” - 1) 
2kJMI + 2k,[MI + c(N,”)’ R,(NN) = 

N r W >  1 (34) 

The CLD (or MWD) is found from the rate of forma- 
tion of dead chains in R1 and R2 particles. These events 
are transfer in the R1 particles and transfer and 
termination, by both combination and disproportion- 
ation, in the R2 particles. 

Here the symbols cc and cd are pseudo-first-order 
termination rate coefficients for combination and dis- 
proportionation, respectively. 

One means of solving eqs 29-34 is to convert them 
to the equivalent finite difference equations, which 
comprise an infinite set of linear simultaneous equa- 
tions. A further means of simplifying the solution of 
these equations is truncation,18 which takes into account 
that polymer is not formed beyond some large but finite 
molecular weight. A second technique which might be 
employed to enable this set of equations to be solved is 
coarse-graining,18 which involves grouping radicals that 
behave in a kinetically similar manner. This procedure 
was not implemented here. The essentials of the MWD 
for a zero-one-two system will be intermediate be- 
tween those of a zero-one and a pseudobulk system, 
which are treated in detail in the preceding and follow- 
ing sections. 

4. Pseudobulk and Bulk Systems 
The equations presented in this section are applicable 

to free-radical polymerization systems in which com- 
partmentalization of radicaIs does not occur or is 
unimportant. Such systems include bulk, solution, 
dispersion, and suspension polymerizations and emul- 
sion polymerizations in which the average number of 
radicals in each individual locus of polymerization is 
high or in which compartmentalization is unimportant. 

A. Equations Describing Radical Chain-Length 
Distribution and Molecular Weight Distribution. 
As it forms the basis for this work, we here describe 
the model of Russell et al.18 in a condensed form. “he 
reader is referred to this earlier work for further detail. 
The current work employs slightly different notation 
from Russell et al. and is more consistent with that 
employed by other workers in this field.8J2?29 For the 
population of radicals of degree of polymerization i, we 
use R, rather than T,, and for the population of dead 
polymer of degree of polymerization i, we use P,. 

w m1 
- = e + ktr[MlzRj - kpl[MIRl - 
dt j = 2  

w m 

,6ktrCMIzRj - 2Rl&Rj (37a) 
j = 2  j=1 

m 

2Rlzkt1jRj (37b) 
j = l  

2R,zcpj (38a) 
j=1 

2RixkFRj (38b) 
j = l  

“he equations labeled “a” above are for heterogeneous 
(emulsion, suspension, or dispersion) systems and the 
Ri are number concentrations per particle, whereas 
those labeled “b” are for homogeneous (bulk or solution) 
systems and the Ri are molar concentrations. Note that 
the equations for the emulsion system are always true 
when the number of free radicals per particle, ii, is 
significantly greater than 0.5 and also when radicals 
rapidly re-enter and re-escape and intraparticle termi- 
nation is rate-determining (limit 3 of Casey et al.27). 

The termination rate coefficient for termination be- 
tween two macroradicals of length i and j  is given by cy 
for the case of heterogeneous polymerizations and by 
kty for homogeneous polymerizations. The termination 
rate coefficients for the two cases are related by the 
expression 

6 . Y  
(39) 

which is the discrete equivalent of eq 28. 
In eq 37b, the rate of creation of radicals from initiator 

is given by 2fid[I], where f is the initiator efficiency, k d  
is the dissociation rate of the initiator, and [I] is the 
concentration of the initiator. Note that as eq 37b is 
written it assumes that each dissociation event involv- 
ing initiator creates two radicals that can initiate 
polymerization. For initiator where this is not the case, 
eq 37b must be trivially altered. It should also be 
realized that in emulsion polymerizations the entering 
species are not all monomeric. This feature of the model 
will be included a t  a later stage when exact numerical 
calculations are made. 

For the number of free radicals per particle, 2, and 
the corresponding quantity for bulk polymerizations, 
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[R], the total concentration of radicals is given by 
w 

m 

Z R i  = [Rl 
i=l  

and related by the expression 

A = [R3NAV, (41) 

Equation 38 may be solved to find the Ri (for i > 1) 
by application of the steady-state assumption for the 
Ri, giving 

ki-l[MBi-l 
R ,  = (42a) 

w 

k,'[Ml + kJM1 + 2 & R j  
j=1 

kj-l[MIRi-.l 

k i [Ml+ kJM1 + 2xkfRJ  

R.  = (42b) 
m 

j=1 

An important feature of eqs 42 is that the Ri are 
strongly coupled to each other. Any analytic solution 
therefore must involve a simplifying assumption that 
removes this coupling. Conversely, it is possible to solve 
for the Ri by an iterative numerical procedure. Such 
techniques will be discussed in the section Approximate 
Analytical Solutions. 

Once a solution for the Ri has been obtained, by 
whatever means, the RCLD can be found from the rate 
of chain-stopping events. These are transfer to  mono- 
mer and termination, by both combination and dispro- 
portionation. The rate of production of dead polymer 
of degree of polymerization i is then given by 

a P .  i-1 0 - 
_4 = k,[MIRi + + ~R,ZC',$?~ 
dt j=l j=l 

( 4 3 4  

B. Approximate Analytic Solutions. As was done 
for the case of a zero-one system, for our initial 
examination of the form of the RCLD we will examine 
the equivalent of eqs 37-38 in integral form, i.e., by 
treating the Ri as a continuous function of the degree 
of polymerization. As previously stated, Russell et a1.18 
have given a justification of the validity of this treat- 
ment. To effect this change, the populations Ri are now 
replaced by R(N) where N is the continuous degree of 
polymerization and k j j  and cg are replaced by kt(N,") 
and c(N,"), respectively. 

The change to continuous variables allows the follow- 
ing identity to be used 

We can therefore rewrite eqs 38 as 

Without loss of accuracy, the R(N) can be assumed to 
be in a pseudo-steady-state. Once the steady-state 
approximation has been made in eq 45, rearrangement 
followed by integration from 1 to  N and putting K ,  
independent of N gives the following expressions for 
R(N): 

k,[Ml 1' 
N > 1 (46a) 

1 

R(N) = R(1) exp 

N > 1 (46b) 

The quantity R(1) can be found by making the steady- 
state approximation in the continuous form of eqs 37, 
but its actual value is unimportant for the purpose of 
examining the qualitative form of R O .  

Equations 46 are nonlinear integral equations and as 
such have no simple solution. They have this form due 
to the strongly coupled nature of the radical populations, 
because radicals of a particular length can terminate 
with radicals of all other chain lengths, and therefore 
each R(N) depends upon the values of R(N) for all other 
N. 

There have been a number of inferences in the 
literature about termination in free-radical kinetics 
from experimental and theoretical studies of diffusion.30 
While termination is diffusion-controlled, it has been 
shown1* that kinetically important diffusion in systems 
where termination is occurring is, for all except glassy 
systems, dominated by the mutual diffusion between 
very short chains and relatively long (entangled) ones, 
for which there is a scarcity of diffusion coefficient data. 

For intermediate conversions, the rate-determining 
step in termination processes is center-of-mass diffu- 
sion.'* Therefore we can define the termination rate 
coefficient as in the Smoluchowski equation: 

where (r(N) + r(IV)> is the radius of interaction for 
termination which is taken to be independent of N and 
IV and set equal to u, the Lennard-Jones diameter of 
a monomer unit. The use of u for the radius of 
interaction for termination has been extensively justi- 
fied by Russell et al.19 This justification is reproduced 
here in a condensed form as its basis may not be 
immediately apparent. First consider the reaction 
between two monomeric radicals. The interaction dis- 
tance for such a case is obviously well approximated by 
G. Next consider termination between a monomeric 
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radical and a long radical. The motion of the small 
radical will be so rapid that the long chain can be 
thought of as essentially immobile. Therefore reaction 
will occur only when the small radical diffuses within 
a small distance of the radical site on the end of the 
long chain. This distance will again be approximately 
u. For the case of two long radicals, the same argument 
holds. Reaction can only occur when the radical sites 
(not the chains) are within a small distance, ap- 
proximately u, of each other. Two more widely sepa- 
rated radicals, even if their coils are entangled and 
especially so for relatively concentrated polymer sys- 
tems, are not destined to react. It should be remem- 
bered here that, although the literature contains a 
considerable number of experimental and theoretical 
results for center-of-mass diffusion of long chains,30 
what is important for termination is the diffusion and 
reaction of relatively short chains. 

It should be pointed out that there is some disagree- 
ment here between experimental and theoretical results. 
This is further complicated by the fact that current 
theory only deals with the situation in which both 
chains are long and of the same length, whereas in real 
polymerization systems the most kinetically significant 
event is termination between a short and a long chain. 
For the situation in which both chains are long and of 
the same length, t h e ~ r y ~ l - ~ ~  suggests that kt - N-3’2. 
This result occurs due to what de G e n n e ~ ~ ~  called 
“compact exploration’’ which results in the radius of 
interaction appearing to be R, the radius of gyration, 
rather than cr, and thereby resulting in a weaker 
dependence of kt upon chain length than we have used 
in this work. The situation is further complicated by 
the fact that experimental evidence on this point is 
difficult to obtain. Tulig and Tirrelll have presented 
data which indicates that (kt)  varies as the inverse 
square of the average degree of polymerization, although 
they suggest that the sparsity of data precludes making 
any strong conclusions. In light of the above we have 
chosen to use u rather than R for the radius of interac- 
tion because ( 3 . )  for reasons expounded in the previous 
paragraph we believe that u gives the correct radius of 
interaction for reaction between a short and a long chain 
and (2) the use of u for the radius of interaction gives 
the experimentally observed dependence of kt upon 
chain length (kt - N-2). 

In eq 47, p is a reaction probability with a value 
between 0.25 and 1 which takes into account that the 
radicals have spin N2,19 and D(N,W) is the mutual 
diffusion coefficient for the radical ends of an N-mer and 
an “-mer, which can be partitioned into a sum of 
contributions from the two species 

D(N,N’) = D(N) + D(N’) (48) 

Russell et a1.18 have argued that only the longest 
length scale motions determine the rate of termination. 
These motions are the center-of-mass diffusion of the 
chain as a whole, Dcom(N), and growth of the chain end 
by propagation, known as ‘reaction diffusion’, Drd(N). 
Hence: 
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polymer chain. Equation 50 is independent of chain 
length except for the dependence of k, upon chain length 
for the shortest chains, which can be ignored because 
for these chains center-of-mass diffusion will be much 
faster than reaction diffision. We can therefore replace 

The exact form of the center-of-mass diffision of 
polymeric species is the topic of considerable debate. At 
very low concentrations of polymer, D,om(N) would be 
expected by vary inversely as the size of a small radical 
and therefore to scale as the inverse square root of the 
degree of polymerization according to a Stokes-Einstein 
argument. There is also evidence36 that indicates that 
at intermediate polymer concentrations D,om(N) scales 
as the inverse of the chain length. For long chains a t  
medium to high polymer concentrations, there is much 
theoretical and experimental evidence that suggests 
that chains diffuse by r e p t a t i ~ n ~ ~  and that DcO,(N) is 
therefore proportional to the inverse square of the chain 
length.38 There is even experimental evidence that Dmm- 
( N )  may be inversely proportional to powers of the chain 
length that are greater than 2.36 In light of this we 
write a general expression for Dcom(N) in terms of a 
parameter, a, that may depend on both chain length, 
N, and the weight fraction of polymer in the locus of 
polymerization, w,. 

Drd(N) by Drd. 

where 

(49) 

Drd(N) = 1/6k,[Mla2 (50) 

and a is the root-mean-square end-to-end distance per 
square root of the number of monomer units in a 

(51) 

In eq 51, Dmon(Wp) is the diffusion coefficient of monomer 
at a given w,. The specification of the exact form of a 
used in the examination of model systems will be given 
when such systems are examined. 

We now wish to examine the form of the RCLD which 
occurs with the model for termination rate coefficients 
given above. Before this can be achieved, it is useful to 
define an average rate coefficient for texmination, (Kt), 
and an average diffusion coefficient, D. Both these 
averages are weighted according by the radical distribu- 
tion function, R(N,  and therefore they depend on the 
RCLD. 

where 

We can now write an expression for the RCLD. 

Or more simply 
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1),N' 1 (55)  

The form of eq 54 is most easily understood by realizing 
that writing diffusion coefficients in the form of eq 48 
means that diffusion, or termination, of a particular 
chain (an N-mer) can be separated into two compo- 
nents: one due to the radical in question terminating 
other radicals (for which the diffusion coefficient of the 
N-mer is important) and the other due to other radicals 
terminating the radical in question (for which the 
diffusion coefficients of all other radicals are important). 
If one adopts this viewpoint, then the terms Frd and Fiy,m- 
(N) are due to N-mers terminating other radicals and 
the term F,, is due to other radicals terminating 
N-mers. 

When a = 0, we have the trivial case of chain-length- 
independent termination and Fcom(N) simplifies to 
(4dV~Ilcom[RYkp[MI), where Dcom is the chain-length- 
independent center-of-mass diffusion coefficient for all 
chain lengths. When a > 0 we find that 

(56) 

and therefore 

Furthermore, 

if F r d  << Ftr, Ft,,. 
Equation 58 is very important as it shows that for 

long chains the distribution of radicals as a function of 
their length depends upon the concentrations of mono- 
mer and total radicals, the rate coefficients for transfer 
and propagation, and the average rate coefficient for 
termination, all of which are independent of chain 
length. Therefore if R(N) could be measured and a plot 
of In R(N) vs N could be constructed, we would predict 
that at large values of N the curve so produced would 
be a straight line with a slope equal to the right-hand 
side of eq 58. 

At this point it is worth looking a t  the form that eq 
58 takes if there is some added chain-transfer agent. 
In this case we obtain 

We now turn our attention to the MWD (or the chain- 
length distribution). IN a free-radical polymerization 
system, there are three mechanisms by which dead 
polymer can be formed, transfer (where the dead chain 
has the same length as the radical from which it was 
formed), termination by combination (where the dead 
polymer formed has a length that is the sum of the 
lengths of the two radicals from which it was formed), 
and termination by disproportionation (where two dead 
chains are formed which have the same lengths as the 
radicals from which they were derived). One then has 
the following expressions for the rate of formation of 
dead polymer of degree of polymerization N ,  P(N). 

2JN-'k,(N',N - N')R(N')R(N - N')W + 
%(wJmktd(N,")R(N')W (60b) 

As written, eqs 60 give the instantaneous rate of 
production of dead polymer of degree of polymerization 
N .  It must be understood that to evalyte  the cumula- 
tive molecular weight distribution, P(N), one must 
integrate eqs 60 over all experimental time. The most 
important feature of eqs 60 is that the contribution to 
the chain-length distribution due to  transfer is propor- 
tional to R(N) for all N and that the contribution due to 
disproportionation is proportional to R(N) for large N .  
This means that for a polymerization system in which 
all termination is by disproportionation, P(N) has the 
same dependence upon N as R(N) in the limit of infinite 
chain length. 

5. Method of Evaluation of the MWD for 
Pseudobulk Systems 

The previous sections dealt with the derivation of the 
molecular weight distribution in three cases: zero-one, 
zero-one-two, and pseudobulk or bulk kinetics. This 
section demonstrates a method of numerically evaluat- 
ing the MWD for the case of pseudobulk or bulk kinetics. 

The first step is to write the steady-state solution of 

m 

k;[Ml + ktr[Ml + 2Cc,jRj 
j=2 

( 614  

(61b 

(62a 

k;[Ml + Rtr[Ml+ 2xkFRJ 
J = 2  

In eqs 61 and 62, we have allowed for a general chain- 
length dependence of l z ,  while realizing that Rp will in 
actuality approach the limiting long-chain value after 
only a few monomer additions. Also included is the 
possibility that entering radicals can have a length other 
than monomeric. In fact, this possibility must be 
included for consistency with the entry theory of Max- 
well et a1.2l which describes the component of entry 
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arising from initiator decomposition. It should also be 
noted that the possibility of radical desorption does not 
appear in eq 61a because we have here made the 
assumption that all desorbed free radicals undergo re- 
entry. Even if this assumption is incorrect, the error 
introduced should be small as the desorption rate drops 
rapidly as particle size  increase^,^^^^^ and systems with 
large particles are those that will be best described by 
pseudobulk kinetics. 

Greater mechanistic understanding of eqs 61 and 62 
can be obtained by rewriting the termination term using 
eq 39 and the discrete equivalents of eqs 47 and 48. 
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where is an average diffision coefficient and is 
defined by the discrete equivalent of eq 53. 

The strategy for solving these equations is an iterative 
one. One guesses the form of the distribution fGnction 
Ri and a vglue of ii (or [RI) and then evaluates D. The 
values of D and ii (or [Rl) can then be used to obtain 
new values for the Ri and so on until convergence in 
the Ri occurs. The problem with this approach is that 
the number of different values of i for which Ri must be 
determined is infinite. We here introduce two ap- 
proximations that are designed to remove this prob- 
lem: coarse-graining and truncation. Coarse-graining 
is based upon the realization that radicals whose 
lengths are approximately equal will behave in ways 
that are kinetically almost indistinguishable. In eqs 64, 
only K, and D depend upon chain length. The case of 
K, is trivial as it only varies for very small values of i 
for which the grain size must be 1 monomer unit. As 
already discussed, the diffusion coefficient is dependent 
upon chain length and approaches zero asymptotically 
as chain length becomes infinite, i.e., Di varies more 
slowly as i increases. Therefore it is sensible to have 
grain sizes that are small (1 monomer unit wide) for 
small values of i and larger and larger grains as i 
increases. Obviously the larger the number of grains 
the better the approximation to the complete equations 
will be. Truncation involves setting a limit for the 
length to  which a radical can grow or above which the 
number of chains becomes negligible. The actual value 
of this upper limit will depend upon the parameter 
values in eqs 64. This is equivalent to making the final 
grain of infinite size. 

The method of coarse-graining used here is equivalent 
to replacing sections of the Ri distribution by straight 
lines and is based upon the following rearrangement of 
eqs 64. 

i+b 

(65b) 
k,[Ml 

k,[MI + ktr[Ml + (4nffNA)(Dj[Rl + b[RI) 

Here b is an integer which will become_ the grain size. 
Equations 65 state that if one knows D and Fi and is 
then given Ri and the appropriate rate coefficients one 
can calculate Ri+b. To coarse-grain effectively, one must 
choose values of i and b such that Di+l= Di+b with the 
added restriction that grain sizes should only be larger 
than 1 monomer unit when k,i = K, and when i z .  
Then one can write 

where RI is the population of radicals of the first element 
in grain I, DI is the diffision coefficient of radicals in 
grain I, AI-, is the number of monomer units between 
the first element of grain I and the first element of grain 
Z-1, and the radicals are of sufficient length that K, is 
the long-chain value. The populations RI defined here 
are not total populations for all the chain lengths within 
a grain but just the population of the first element in 
the grain, and therefore Ri = RI = Rfist(n where first(l) 
is the first element of grain 1. Truncation is effected 
by using the following equation 

where L is the last grain. Radicals can propagate into 
this grain, but they cannot propagate out of it. 

When solving the coarse-grained radical distribution 
equations, it is important to set up the graining in a 
way that allows grain size to be readily changed so that 
the effects of graining upon the resultant distribution 
can be observed and minimized. In the simulations 
presented in section 6 of this work, three variables were 
used to control the graining: the number of grains of 
width 1 monomer unit, the number of times each grain 
size greater than 1 monomer unit was repeated, and 
the degree of polymerization of the first element of the 
final grain. All grains whose size is greater than 1 
monomer unit are of width 2n, where n is an integer. It 
was found that these grains had to be repeated a 
number of times before n was increased so that the grain 
size did not grow too rapidly. Initially each of these 
variables was given a low value which was increased 
until the distribution no longer changed. For the 
simulations in this work, the following graining scheme 
was employed, 240 grains of width 1, each larger grain 
size was repeated 40 times up to a maximum grain size 
of 8192 W3) which gave an approximate maximum 
degree of polymerization at 650 000 and a total of 760 
grains. 
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For convenience sake we rewrite eqs 60, which give 
the rate of formation of dead polymer from radicals, in 
terms of discrete variables as 
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The recent realization by Casey et al.40 that transfer 
also becomes diffusion-controlled at high weight fraction 
of polymer is included and given by 

(68) 

where 

i-1 

j= I 

i-I 

(70b) 

When evaluating eq 68 it must be remembered that 
we have only evaluated Ri for certain values of i, i.e., 
when i = first(1). The term due to transfer, Pi,tr, is 
evaluated trivially as it is proportional to Ri. The second 
term on the right-hand side of eq 68 (the term due to 
combination), given by eqs 70, is not as straightforward 
to evaluate. We only want to  evaluate Pi,t, for those 
values of i for which we have evaluated Ri. To do this 
properly involves summing the contribution from all 
pairs of radicals whose lengths add to give i. However, 
we do not have all this information, only a small subset 
of it, for those values of i where i = first(1). The 
algorithm used to evaluate Pi,tc involves approximating 
values for Rj and Ri-j by the value of RI for which i or 
i-j is closest to first(1) and using information about the 
size of the grains to avoid determining every product 

evaluate but employs the same technique as for Pi,tc. 

6. Evaluation of Molecular Weight 
Distributions in Pseudobulk Polymerizations 
k Kinetic Parameters for Poly(styrene) and 

Poly(methy1 methacrylate). Poly(styrene1 (PSI and 
poly(methy1 methacrylate) (PMMA) are widely produced 
and therefore widely studied polymers. Consequently, 
reliable kinetic parameters are available for these two 
polymers and the respective monomers. Furthermore, 
Russell et al.I9 have conducted modeling of the kinetics 
for these polymers. 

cc .  J,L-J . .&R. L-J , or ktiai-jRjRi-j. The term Pi,td is simpler to 

For propagation we write 

1 - 1  1 
k p  kdiff +o k, (72) 

to  take into account the fact that propagation becomes 
“diffusion-controlled” at high-conversion. Here kpo is the 
“chemically controlled” value of the propagation rate 
coefficient, which is given by the value of k, a t  low 
weight fraction of polymer, w,, and the diffusion- 
controlled component, &iff, is given by 

1 = ‘(!LO + l) 
lZtr kt: kdiff 

(74) 

where kdiff is again given by eq 73. 
The values of kPo for styrene and MMA at 50 “C are 

taken as 25841 and 58042 dm3 mol-l s-l, respectively. 
The value of ktro = 9 x dm3 mol-l s-l for styrene 
was taken from the literature value43 of ktJk while for 
MMA ktro was taken as 3.3 x lop2 dm3 m ~ l - ~ k - ’ . ~ ~  The 
values of D = 0.59 nm and a = 0.69 nm45,46 were 
employed for MMA, and for styrene we took D = 0.602 
nm and a = 0.74 nm.18~45 

The dependence upon wp of the diffusion coefficients 
of styrene in styrene/poly(styrene) systems (eq 75) and 
MMA in M W M M A  systems (eq 76) at 50 “C is that 
given by Russell et al.18,47 

log(Dmon/cm2 s-l) = 0.417 - 29.51~0, + 53.14~: - 
36.03~; (styrene) (75) 

log(Dmon/cm2 s-‘) = -4.386 - 3 . 2 0 0 ~ ~  + 9.049~: - 
1 2 . 0 7 9 ~ 2  (MMA) (76) 

Equation 75 is valid only in the range 0.4 I w, I 0.8, 
whereas eq 76 is valid for all values of w, from 0 to 1. 

For evaluating entry rate coefficients, the model of 
Maxwell et aL21 is employed here. 

2kd[IWA [ 2 Jkd[Ilktaq + 1]l-* 
(77) 

@I = Nc k,Bq[M,,l 

Here N,  is the number concentration of latex particles, 
ktaq is an average aqueous termination rate constant, 
kpaq is the propagation rate in the aqueous phase (taken 
to be the same as in the latex phase), [Ma,] is the 
concentration of monomer in the aqueous phase, and z 
is the critical degree of polymerization at which species 
irreversibly enter the latex particles. The value of z = 
3 was used for styrene, and z = 4 was used for 
MMA.193127 

The variation of D,,,(N) with chain length used here 
is also that given by Russell et al.l* 

(78) 

Here X, is the critical degree of polymerization for 
onset of the reptational power law for center-of-mass 
diffusion. This quantity varies with w,, becoming 
smaller as w p  increases, as given by the relationship 

v o  
(79) 

where @,-l = [dd (dMWp)]  + 1 - ( d d d ~ )  and 4, is the 
volume fraction of polymer in the system, d, is the 
density of the polymer, and d M  is the density of the 
monomer. The value ofXCo was taken as an adjustable 
parameter by Russell et al. and found to have the value 
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1 for M1MA19 and 4 for styrene.l8 While such values may 
seem particularly low, the value of Xco = 1 for M M A  
might be taken as indicating that chains of all lengths 
in the melt are subject to a reptational power law for 
diffusion. However, further evidence for such a value 
being adequate to describe diffusion of those small 
species important in termination kinetics is provided 
by Piton et al.@ These workers measured self-diffision 
coefficients (equivalent to D,,, above) for oligomeric (N 
= 1, 2 ,  5 )  poly(styrene) analogs as a function of the 
weight fraction (0 5 wp I 0.6) of high molecular weight 
poly(styrene) using the technique of pulsed field gradi- 
ent 'H NMR. They found that the self-diffusion coef- 
ficient scaled as N-0.5 at wp = 0 and N-1.6 at wp = 0.6 
with an almost linear dependence of the exponent on 
polymer weight fraction within this range. The data of 
Piton et al.48 show that the functional form represented 
by eqs 78 and 79 provides a quite adequate representa- 
tion of the diffision coefficient of small species obtained 
experimentally; this however should not be taken as 
implying that such species undergo reptational diffu- 
sion. 

In light of the above we have decided to employ a 
value of XCo = 1 for both M M A  and poly(styrene). It 
should be noted that the exact functional dependence 
of microscopic termination rates on weight fraction (or 
volume fraction) of polymer depends on both X, and 
D,,,. This model gives adequate agreement (kt - 4-'.5) 
with direct measurements of termination rates30 (kt - 
@-1.7) obtained from phosphorescence quenching experi- 
ments. It should be remembered that these phospho- 
rescence quenching experiments measured termination 
rates between two long chains, i.e., for an event that is 
kinetically insignificant in our system, and so exact 
agreement between our model and such results is not 
vital (although still desirable). 

B. The Form of the MWD. We now present 
predictions for the RCLD and MWD for poly(styrene) 
and poly(methy1 methacrylate) based upon the kinetic 
scheme of Russell et a1.18 According to arguments 
presented above, results will generally be presented as 
plots of In R(N) or In P(N) versus N .  Whang et a1.28 
have already made the recommendation that MWDs 
should be presented in this form so that the kinetic 
information contained in such plots becomes more 
accessible. The results which follow lend further weight 
to this recommendation. 

In the work that follows we also give the number- 
average molecular weight, (Mn), and weight-average 
molecular weight, (Mw), the first and second moments 
of the molecular weight distribution, P(W. The mo- 
lecular weight of a polymer chain, M ,  and its degree of 
polymerization, N ,  are trivially related by the expression 
N = M/Mo, where MO is the molecular weight of a 
monomer unit. The polydispersity is (Mw)/(Mn). 

I. Chain-Length-Independent Termination. In 
this work we normally make the assumption that 
microscopic termination rates are dependent upon the 
length of the radicals involved. However, it is instruc- 
tive to  examine the form of the MWD that occurs if 
termination is independent of chain length for a number 
of reasons. First, it gives a reference point for compari- 
son with the MWD predicted using chain-length-de- 
pendent termination rates (given below). Second, for 
the chain-length-independent case analytic forms exist 
for R(h9 and P(N), and therefore this case serves as a 
test of our computer code. Third, when polymerization 
occurs in glassy systems, termination is by reaction 
diffusion and is therefore independent of chain length. 
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Figure 1. Calculated radical chain-length distribution, R(N) 
(dashed line), and dead chain-length distribution, P(N) (solid 
line), for a styrene emulsion polymerization a t  50 "C and wp 
= 0.5 in which termination is solely by combination and 
independent of chain length and there is no transfer. Initiator 
concentration, [I], is 1 x low3 dm3 mol-l s-l, K d  is 1 x s-l, 
swollen particle radius, ra, is 150 nm, particle concentration, 
N,, is 1 x lo1* dm-3, and the diffision coefficient of all species, 
D ,  is 1.5 x 10-lo cm2 s-l. The predicted value of ii is 12.83. 

The results for R(N) and P(N) are 

N 

2 )  (81) 

In eqs 80 and 81, kt = I m D ,  where D is the chain- 
length-independent diffision coefficient. In the deriva- 
tion of eq 81 it is assumed that all termination is by 
combination rather than disproportionation. Transfer 
has not been included in this formulation because its 
inclusion would mean that there were two mechanisms 
for chain stopping which would complicate the forms of 
eqs 80 and 81. The form of these distributions under 
the conditions of a typical pseudobulk styrene emulsion 
polymerization can be seen in Figure 1. The maximum 
in P(N) in Figure 1 occurs at N = k P [ M W ~ V $ 2 k @ ,  and 
the magnitude of the slope of R(N) is the inverse of this 
value, i.e., 2 k t f i / k p [ M W ~ V s .  A further point of interest 
is that the slope of P(N) approaches the slope of R(N) 
as N approaches infinity. Phenomenologically, the 
maximum in P(N) is due to the fact that as the degree 
of polymerization of polymer formed by termination 
increases there are more combinations of chain lengths 
that can combine to  form any given length of dead 
polymer and that as chain length increases the popula- 
tion of radicals of that chain length decreases. There- 
fore, not many very short dead chains are formed 
because there are only a small number of combinations 
of chain lengths that can produce them, and not very 
many extremely long dead chains are produced because 
there are very few extremely long radicals. 

The number-average molecular weight, (Mn), was 2.55 
x lo6 and the weight-average molecular weight, (AIw), 
was 3.83 x lo6, giving a polydispersity, y ,  of 1.5. A 
useful check of the computer code used to solve these 
equations is that the results from the coarse-grained 
method should be indistinguishable from those produced 
by using eqs 80 and 81. The data displayed in Figure 
1 were produced using the coarse-grained and truncated 
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stopping events. The positions of the two arrows 
indicate the positions of (Mn) and (Mw). 

We shall firstly examine the form of R(N) which is 
given approximately by eq 54. The qualification 'ap- 
proximately' must be made here because the distribu- 
tion R(N) in Figure 2 includes the fact that entering 
species derived from initiator have a degree of polym- 
erization z whereas eq 54 was evaluated by assuming 
that such species are monomeric. The first notable fact 
about R(N) is that it has a maximum which occurs at 
N = z ,  where z = 3 here. The concentrations of 
monomeric and dimeric radicals are lower than the 
concentration of trimeric radicals because the two 
former species can only be created by transfer while the 
latter species and all longer species can be created by 
both transfer and entry. As N increases above N = 3, 
the concentration of each successive radical species 
decreases due to loss of radicals through termination 
and transfer. According to eq 58, the long-chain slope 
of In R(N) versus N ,  hereafier referred to as rn, should 
be given by -[kt#zp + ((kt)E)/(k,[MW~vs)l which has the 
value of -5.046 x for this system. The slope of In 
R(N) at high N from Figure 2 is -5.053 x the 
small discrepancy in these two values being due to 
neglect of the small term due to reaction diffusion in 
going from eq 57 to 58. It should be noted here that 
the terms k+JkP = 3.49 x and ((kt)ii)/(k,[MW~V~) 
= 1.56 x have values of the same order of 
magnitude, indicating that chain death is due to both 
transfer and combination in this system. 

Figure 2 also contains the CLD, P(N), and the two 
contributions to the CLD due to transfer, Ptr(N), and 
combination, Pk(N). According to eq 60, Ptr(N) should 
be proportional to R(N), and Figure 2 shows this to  be 
true. Perhaps surprisingly though, P,(N) is also pro- 
portional to R(N) for all but the smallest values of N .  
The explanation for this is not immediately obvious from 
the form of eq 60. The reason for this behavior is that 
the very shortest radicals have the highest termination 
probability due to their high diffksion coefficients and 
high concentrations, and so most termination events 
involve at least one radical which has a low degree of 
polymerization. Now, if we consider how long chains 
are terminated we observe that they are most likely to 
terminate with a short chain and to produce dead 
polymer that has a degree of polymerization only 
slightly longer than the longer of the radicals that was 
involved in the termination reaction. Consequently the 
distribution of long chains produced by termination by 
combination is similar to the distribution of radicals 
from which they are formed. However, for short chains 
the distribution P,(N) is very different in form from 
R(N). The important difference, a maximum in Pk(N) 
at about N = 130, has the same cause as the maximum 
in P(N) in Figure 1, i.e., that there are relatively few 
combinations of radicals that can give short dead chains. 

The final feature of Figure 2 that is worthy of 
comment is that in this system approximately the same 
number of dead chains are formed by transfer and 
combination. This is related to the fact that kt,./kp and 
((kt)ri)/(kp[MWAvs) have approximately the same value. 

111. Effect of Changing the Critical Degree of 
Polymerization of Entering Species, z. In section 
I1 account was taken of the fact that entering species 
derived from initiator are not monomeric but instead 
have a degree of polymerization z. In this section we 
examine how the RCLD and CLD depend upon the 
value of z .  These distributions were evaluated for a 
system identical to that above except that in this case 
entering species derived from initiator were assumed 
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Figure 2. Calculated radical chain-length distribution, R(N) 
(solid line), dead chain-length distribution, P(N) (long-dashed 
line), dead chain-length distribution for chains killed by 
transfer, Pk(N) (dotted line), and dead chain-length distribu- 
tion for chains killed by termination by combination, P,(N) 
(dot-dashed line), for a styrene emulsion polymerization at 
50 "C and wp = 0.5 in which termination depends upon chain 
length and transfer to  monomer is included. Conditions are 
identical to  those of Figure 1 except that transfer and chain- 
length-dependent termination (solely by combination) have 
been included. The arrows indicate the positions of the 
number- and weight-average molecular weight distributions. 
The predicted value of ii is 11.85. 

methods discussed in section 5 and are indistinguish- 
able from data produced by using eqs 80 and 81. As 
such Figure 1 and these equations act as a verification 
of our computer code. 

11. Chain-Length-Dependent Termination with 
Transfer. We now turn our attention to a more 
realistic system in which we make allowance for the fact 
that microscopic termination rate coefficients depend 
upon chain length. This system is a styrene emulsion 
polymerization a t  wp = 0.5 with an initiator concentra- 
tion of s-l, p = 0.25, and 
a particle concentration of 1014 dm-3. The value of Ti 
determined for this system was 11.85, and the average 
termination rate coefficient was 2.82 x lo4 dm3 mol-l 
s-l. The value of (Mn) was 2.08 x lo6, and that of (Mw) 
was 4.15 x lo6, giving a polydispersity, y ,  of 2.0. This 
value for the polydispersity is interesting because it was 
obtained in a system in which all termination occurs 
by a second-order process, i.e., combination. The reason 
for this behavior can best be seen by examining the form 
of the distributions of dead and living chains for this 
system. 

Figure 2 shows the RCLD (R(N)) and CLD (P(N)) for 
this system as well as the contribution to the CLD due 
to transfer (Pt,(N)) and the contribution to the CLD due 
to  termination by combination (P&)). The representa- 
tion of distribution functions in Figure 2 and subsequent 
figures is designed to show a number of the features of 
the distribution in the same diagram. On the left-hand 
side of the axis break, the distribution at low degrees 
of polymerization is shown in an expanded manner so 
that the effect of chain-length-dependent rate param- 
eters can be seen. The low molecular weight part of the 
distribution is also important due to the action of small 
species as plasticizers and their effect upon many 
physical properties. On the right-hand side of the axis 
break, the distribution at high degrees of polymerization 
is shown. From this part of the diagram it is easier to  
look at the absolute and relative magnitudes of the 
slopes of the distributions and to look at the relative 
amounts of polymer produced by each of the chain- 

mol dm-3, k d  = 1 x 
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Table 1. Comparison of Calculated It*, ii, (&), and (Mw) 
for Various Values of kol and It2 

<:. ............................................... -8 r/'7/ ......... ._ _. ........ _. ..................... ~ : ~ .  . .  
~ .. 

R(N), z=I 
P(N), z=3 
P(N), z=1 
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N 

Figure 3. Comparison of the effect upon predicted R(N) and 
P(N) caused by varying the length of the entering species 
derived from initiator decomposition. The conditions are 
otherwise identical to  those for Figure 2. Long-dashed line, 
R(N) for z = 3; dot-dashed line, R(N) for z = 1; solid line, 
P(N) for z = 3; and dotted line, P(N) for z = 1. 

to be monomeric. The aim here is to evaluate the effect 
of changing the length of the entering radical. However, 
using a different value of z will give a different value of 
e1 according to eq 77. For the purpose of this study, @I 
was calculated as if z = 3 for both the case in which 
entering species were assumed to be trimeric and the 
case in which they were assumed to be monomeric. This 
was done to ensure that realistic values of @r were 
obtained from eq 77 in both cases. 

For the case in which entering species are monomeric, 
the value of is 9.30 (compared to 11.85 for the case in 
which they are trimeric), (kt) is 4.57 x lo4 dm3 mol-' 
s-l (compared to  2.82 x lo4), (Mn) is 1.92 x lo6 
(compared to 2.08 x 109, and (Mw) is 3.83 x lo6 
(compared to 4.15 x lo6). From Figure 3 it can be seen 
that for the case in which z = 1 the populations of 
monomeric and dimeric radicals are much greater 
relative to all other populations than they are for the 
case in which z = 3. This results in increased termina- 
tion and a decrease in A. The decrease in the values of 
(Mn) and (Mw) is due to an increased value of ((kt)A)/ 
(kp[MlN~V,) = 1.98 x 
for the case where z = 3). Consequently, for the present 
case, approximately 36% of the dead polymer is created 
by termination by combination and only 64% by trans- 
fer. 

The explanation for why changing z from 3 to 1 has 
such an effect is that the average rate of termination 
depends strongly on the rate of termination of the 
smallest chains. Obviously, then, changing from the 
situation where there are relatively few monomeric and 
dimeric radicals to the situation where they are the most 
abundant species will have a significant effect upon the 
average termination rate and therefore upon the whole 
molecular weight distribution. 
Tv. Effect of Varying I t ,  for the First Propaga- 

tion Steps. There is a growing body of e v i d e n ~ e ~ ~ - ~ ~  
that suggests that the propagation rate coefficient, k,, 
is larger for the first few propagation steps than it is 
once the chain becomes long. This work has already 
shown that the populations of the smallest radicals are 
important for the MWD and overall kinetics due to  the 
high mobility of these species resulting in a high 
termination rate for these small species. 

The magnitude of the ratio kpllk, is not known with 
any certainty, but a value in the range of 5-10 is not 
thought to be unreasonable. Furthermore, if kpl = 10kp, 

(compared to 1.56 x 
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(kt) 
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k p 1 = k 2 = k  P P  2.82 x lo4 11.85 2.08 x lo6 4.15 x 106 
k,' = lOk,, k,* = k, 2.00 x lo4 14.10 2.18 x lo6 4.36 x lo6 
k,' = lOk,, kp2 = 5k, 1.58 x lo4 15.84 2.25 x lo6 4 49 x lo6 
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Figure 4. Comparison of the effect upon predicted R(N) and 
P(N) caused by varying k,l. The conditions are the same as 
those used for Figure 2. Long-dashed line, R(N) for k,' = k,; 
dot-dashed line, R(N) fork,' = 10k,; solid line, P(N) for kP1 = 
k,; and dotted line, P(N) for kP1 = lOk,. 

then it should be expected that kP2 should also signifi- 
cantly exceed the long-chain propagation rate coef- 
ficient. Due to the lack of any concrete information 
about the values of kpl, kp2, etc., we here take values 
that seem reasonable to examine the effect that chain- 
length-dependent k, has upon the MWD and the pa- 
rameters and (kt). 

Table 1 shows the results of calculations for the same 
system as that examined in section I1 above, as well as 
for the case in which 12,' = lOk,, and the case in which 
KP1 = lOk, and kP2 = 5kp. From Table 1 it can be seen 
that making the propagation rate coefficients for short 
chains larger than those for long chains decreases (kt)  
and therefore increases A. This result was also seen 
by Russell et al.lS The product (&)A also decreases 
resulting in larger values of (Mn) and (Mw). Figure 4 
shows the RCLD, R(N), and the CLD, P(N), for the first 
and second of these cases. The reason for this behavior 
can easily be seen to be due to further decrease in the 
values of R(1) and R(2). 

V. MWD of Poly(methy1 methacrylate) at Zero 
Conversion. It is instructive to examine the predic- 
tions of our model for the MWD produced at zero 
conversion in bulk polymerizations because under such 
conditions it is easy to produce polymer over a small 
variation in weight fraction of polymer in the system. 
At higher conversions the molecular weight distribution 
measured will be a cumulative MWD over the whole 
polymerization, but by stopping polymerizations at  only 
a few percent conversion it should be possible to 
measure what are essentially instantaneous MWDs. 

The conditions employed for these simulations are 
those applicable to a methyl methacrylate polymeriza- 
tion at wp = 1 x The concentration of methyl 
methacrylate in this system was taken to be 9.39 mol 
dm-3. The product f l td was taken to be 1.0 x loF6 s-l 
which is the value for AIBN a t  50 "C, and a value ofp 
= 0.25 was employed. For the variation of the center- 
of-mass diffusion coefficient of polymeric radicals, we 
employed a functional form based on eq 51 with a value 
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Figure 5. Predicted MWD and chain-length distribution of 
radicals for a methyl methacrylate bulk polymerization at wp 
= 1 x (“zero conversion”). Initiator concentration, [I], is 
1.0 x s-l. Shown are (solid 
line) radical chain-length distribution, R(N;  (dashed line) dead 
chain-length distribution, P(N; (dotted line) contribution to 
the CLD due to termination by combination, Pt,(N); and (dot- 
dashed line) contribution to the CLD due to termination by 
transfer. The positions of the arrows indicate (Mn) and (Mw). 
The value of the radical concentration is 1.06 x mol dm-3. 

mol dm-3 and @d is 1 x 

of a = 0.5 for all N .  We realize that this dependence of 
diffusion coefficient upon chain length is probably not 
physically correct for long chains. However, as has 
already been seen for systems in which microscopic 
termination rates are dependent upon chain length, it 
is the termination events involving the shortest chains 
which govern the molecular weight distribution, and 
therefore the variation employed here for long chains 
should not greatly affect the form of the MWD predicted. 

Figure 5 shows the predicted RCLD, R(N), and the 
CLD, P(N), as well as the contributions to the CLD from 
combination, Pk(N), and transfer, Pt,(N), for a zero 
conversion methyl methacrylate polymerization in which 
the initiator concentration, [I], is 1.0 x lov3 mol dm-3. 
The predicted average termination rate coefficient is 9.1 
x lo6 dm3 mol-l s-l. The arrows in Figure 5 indicate 
the positions of (Mn) a t  a molecular weight of 1.35 x 
lo6 and (Mw) a t  a molecular weight of 2.67 x lo6, giving 
a polydispersity of 1.98. Even though the polydispersity 
of this polymer is close to  2.0, the effect of the weaker 
dependence of the termination rate upon chain length 
can be seen in the form of the contribution to  the CLD 
due to combination, which has a maximum at a mo- 
lecular weight of 5.55 x lo5, due to the reduced 
proportion of very small radicals evident in the form of 
R(N). 

In performing these simulations it was assumed that 
termination by disproportionation does not occur. If the 
situation were to exist in which all termination was by 
disproportionation, then the MWD of chains produced 
by disproportionation would have no maximum. Figure 
6 shows the MWDs predicted under the same conditions 
as for Figure 5, i.e., all termination by combination, 
except that initiator concentration has been varied over 
the range from 1.0 x to 1.0 x loe4 mol dm-3. It 
can be seen that as initiator concentration increases the 
average molecular weight of the polymer decreases and 
that for the highest initiator concentration there is a 
distinct maximum in the plot of In P(N) at a molecular 
weight of 6.7 x lo4. The MWD under equivalent 
conditions, except that all termination is by dispropor- 
tionation, would have no maximum. Therefore, the 
measurement of MWDs at “zero conversion” can provide 
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Figure 6. Molecular weight distribution of polymer predicted 
at “zero conversion” as a function of initiator concentration. 
Solid line, [I] = 1.0 x mol dm-3; dashed line, [I] = 1.0 x 

mol dm-3. All 
other conditions are identical to  those of Figure 5 .  All 
termination is by combination. 

mol dm-3; and dotted line, [I] = 1.0 x 

evidence, although by no means definitive, as to the type 
of termination that occurs in these systems. Significant 
deviation from the predictions of this work could be 
attributed to segmental diffusion. 

Of further mechanistic interest is the fact that as the 
initiator concentration is reduced at zero conversion the 
slope of In P(N) at large N approaches the limiting value 
of -(ktJkp). If combined with values of k, determined 
by pulsed laser p ~ l y m e r i z a t i o n , ~ ~ ~ ~ ~  then this provides 
a method of determining the rate coefficient for transfer 
to monomer. Such a technique can also be trivially 
extended to enable to the measurement of transfer rate 
coefficients to added chain-transfer agents.57 

VI. Measuring Transfer Constants from MWDs. 
From the form of eq 59 it is apparent that if, in an 
emulsion system, the term (kt)ii/kp[MWAVs is small 
compared to the transfer constant, ktJkp, then one could 
measure the transfer constant from a plot of In R(N) 
versus N .  However, it is not possible to measure the 
chain-length distribution of radicals (living chains) but 
only the distribution of dead chains. Fortunately, as 
shown in section I1 above, for large values of N the slope 
of a plot of In R(N) versus N and the slope of a plot of In 
P(N) versus N are identical. 

The easiest method of reducing the size of the term 
(kt)ii/kp[MW~Vs is to reduce the initiator concentration 
in the system. Figure 7 shows P(N) predicted for a 
styrene emulsion polymerization at 50 “C, wp = 0.7, a 
swollen particle radius of 150 nm, and N ,  = 1 x 1014 
dm-3, as a function of initiator concentration. The value 
O f  k d  used was 1 x s-l. As the initiator concentra- 
tion is reduced, the magnitude of the slope (at large N) 
of a In P ( N )  versus N plot becomes smaller, approaching 
the limiting value of -ktJkp (indicated by the solid line). 
The initiator concentrations used in these simulations 
were 1 x 1 x and 1 x mol dm-3 
(indicated by the dashed, dot-dashed, and dotted lines, 
respectively). The predicted values of ii were 11.85, 
8.60, and 4.60, respectively. The magnitude of the slope 
of the plot for an initiator concentration of 1 x mol 
dm-3 was 4.05 x only 16% greater than the value 
of ktJkp. This shows that reasonable estimates of ktJkp 
can be obtained if it is possible to  measure instanta- 
neous MWDs, particularly as a function of initiator 
concentration. 

Although only the time-cumulative MWD is available 
from experiment, it still may be possible to extract 
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at any time would normally span a range of molecular 
weights. Therefore the detector signal at a particular 
elution volume is comprised of a sum of signals from 
different molecular weights. We write28 

lnltiator Concentration 

i ~ l o - ~  mol dm-3 
i ~ i o - ~  mol d ~ n - ~  
l ~ l O - ~  mol d d  

' ' ' I  " ' I  ' ' ' 
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values for the transfer constant from such data. It must 
be realized that during the course of a polymerization 
the longest polymer will be produced when (kt)ii/k,[Ml- 
NAV, is a t  a minimum. Consequently, if one measures 
the slope of a In P(N) versus N plot in the limit as N 
approaches infinity, then the polymer chains being 
examined are those produced when (kt)ii/k,[MWAV, is 
at a minimum. The value of this slope will then give 
an upper bound to the transfer constant, ktJk,. If these 
upper bounds to the transfer constant are measured as 
a function of initiator concentration, then the values can 
be extrapolated to zero initiator concentration to provide 
an estimate of ktJk,. 

The value of ktr/kp has been measured by a similar 
technique, i.e., plotting In P(N) versus N and measuring 
the slope at large N ,  by Whang et al.28 in zero-one 
emulsion polymerizations for methyl methacrylate and 
styrene. More recently, Heuts et al.57 have measured 
ktrA and ktF,M (the rate coefficients for transfer to chain- 
transfer agent and transfer to monomer) by a related 
technique for a bulk triethylamine/methyl methacrylate 
system at low conversion. 

7. Obtaining the Number MWD from Size 
Exclusion Chromatography (SEC ) 

The predictions about MWDs made in this work 
would be little more than arcana if no method existed 
for their measurement. The technique of choice for this 
purpose is size exclusion chromatography (also known 
as gel permeation chromatography). We here provide 
the theoretical development of a technique for obtaining 
the number MWD, P(M), from a size exclusion chro- 
matograph. Note that SEC can only directly measure 
the MWD of all the polymer in the system a t  a 
particular time and not the instantaneous MWD, P(M). 
To determine instantaneous MWDs, one must measure 
the evolution of the MWD in time and then differentiate 
with respect to time. 

The quantity most often measured by detectors in 
SEC (differential refractive index and W absorption) 
is the (relative) concentration of polymer as a function 
of the volume of solvent eluted from the system. We 
give this the symbol G(Ve1) where Vel is the elution 
volume. Now because of the nature of the chromato- 
graphic system, the polymer chains passing the detector 

where R(Vel,M) = K(Vel,M)/M is the apparatus response 
function which depends u on the SEC system. There- 
fore, in order to obtain ! (M), one must deconvolute 
G(Ve1). 

To effect deconvolution of G(Vel), one must know the 
relationship between elution volume and molecular 
weight for the system under consideration. To deter- 
mine this relationship, polymer standards (assumed 
here to be of the same composition as the samples to be 
analyzed) with low polydispersities and known peak 
molecular weights are passed through the SEC system. 
From this one obtains a "calibration curve", WkO. We 
suppose that a monodisperse standard, i.e., one where 
W(M) = 6(M - M'), gives a very narrow response, i.e., 
G(Ve1) = A(M')G[Ve1 - %fM)], where A(M') is a normal- 
ization function. The function A(M') can be found by 
noting that the detector response, G(Vel), is proportional 
to the total mass of polymer passing the detector. The 
total mass for a (nearly) monodisperse standard can be 
expressed in terms of the weight MWD, W(M), as an 
integral: 

We have here assumed unit mass of sample. The signal 
intensity is similarly the integral of G(Vel) over the 
narrow elution volume range of the standard. 

From eqs 83 and 84, and by noting that detector 
response is always proportional to total mass, one can 
state that A(M') is independent of molecular weight, and 
for simplicity it is henceforth given the value of unity. 

We can now identify the quantity R(Ve1,M) of eq 82: 

Therefore 

which gives 

To perform the integration of eq 89, we employ the 
definition of a 6 function 

and change variables from M to 92 Equation 89 then 
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lengths of both participating chains is especially impor- 
tant in systems where termination is kinetically sig- 
nificant. 

Our techniques also given approximate analytic solu- 
tions to the MWD equations in certain limiting cases 
which are nevertheless acceptable descriptions for many 
systems of interest. These show that the intantaneous 
number MWD for higher molecular weights is a single 
exponential in emulsion polymerizations with a low 
number of radicals per particle; moreover, in many 
cases, this instantaneous MWD will be independent of 
conversion, and hence the exponential behavior for 
higher molecular weights will also be apparent in the 
cumulative MWD. Importantly, in many systems where 
termination is kinetically dominant, a single-exponen- 
tial behavior in the instantaneous MWD is also pre- 
dicted; this is because longer living chains cease growth 
either by transfer or by termination, and the terminat- 
ing chain is likely to be a mobile short free radical. 
Moreover, the cumulative MWD frequently has the 
same behavior as the instantaneous MWD. This shows 
that chain-transfer constants can be measured experi- 
mentally by examining the high molecular weight part 
of the number MWD, including its behavior as initiator 
concentration is varied; this enables chain-transfer 
constants to be measured even in systems where 
termination is extensive.57 In addition, observed devia- 
tions from exponential behavior should enable mecha- 
nistic deductions to be made about chain-stopping 
events.28959 

Approximate analytical solutions have been developed 
for a number of cases of interest. This has the impor- 
tant implication that considerable mechanistic informa- 
tion can be obtained from size exclusion chromatography 
data by plotting the log(number MWD) against molecu- 
lar weight. Illustrative calculations have been carried 
out for a number of systems. These verify the conclu- 
sions from the approximate analytic solutions and show 
also that the MWD in bulk or solution polymerizations 
a t  low conversions should show a low molecular weight 
maximum at high initiator concentrations. 

We have shown here that the number MWD is a 
sensitive indicator of a number of mechanistic events 
in free-radical polymerizations, and hence an experi- 
mental MWD can yield considerable mechanistic infor- 
mation. The cumulative number MWD is easily ob- 
tained experimentally from SEC. The instantaneous 
MWD can be obtained in principle from a succession of 
SEC results taken as a function of conversion; moreover, 
our theoretical treatment shows that in many cases part 
of the cumulative MWD (the cumulative MWD of long 
chains) is the same as the instantaneous MWD over a 
large conversion range. Hence there is the potential for 
obtaining considerable information on chain-stopping 
and -starting events, as well as control over many 
important technical properties, from SEC data with 
little additional effort beyond that needed to measure 
(Mw) and (Mn). Furthermore, a similar technique can 
be used to estimate transfer constants. The theoretical 
and numerical techniques in this paper indicate how 
such information can be obtained. 

While the results of this paper are interesting and 
allow one to understand the features of the kinetic 
scheme presented herein, it is important that they be 
compared to both kinetic data and molecular weight 
distributions obtained from experiments. We have 
presented a rigorous method for deriving the number 
MWD from size exclusion chromatography data, which 
will allow the predictions made in this work to be tested. 

Rearranging eq 89 gives an expression for P(M): 

(90) 

It is common for the calibration curve, qM), to be 
represented as a relationship between loglo M and a low 
order polynomial in elution volume. For some SEC 
columns, the calibration curve is log-linear, i.e., loglo 
M = a + b over a large range of molecular weights 
and hence dM/dV= M, giving (for the linear region of 
the calibration curve): 

P(M) = (arbitrary constant) x - GWeJ - - 
M2 

(arbitrary constant) x - w(') (91) M 

This result and the above treatment give the same 
results, though with a different formalism, as the recent 
work of S h ~ r t t ~ ~  in this area. The factor of W occurs 
in eq 91 because (1) the SEC detector signal is propor- 
tional to the mass of polymer passing the detector, 
giving a factor of M ,  and (2) the log-linear calibration 
curve means that a volume increment, d q  is propor- 
tional to dM/M, giving another factor of M. Equation 
91 corrects an error contained in the work of Morrison 
et al.59 and eq 2 of "hang et a1.28 

8. Discussion and Conclusions 
Modeling of the molecular weight distribution in free- 

radical polymerizations requires a detailed knowledge 
of all the kinetic events that occur during the creation 
of that polymer. This work presents derivations of the 
MWD expected for systems in which the kinetics are 
thought to  be well-understood, and for the case of 
systems in which pseudobulk kinetics apply, a method 
of numerically solving the equations defining the MWD 
has been developed. The effects of changing various 
parameters of pseudobulk systems were then examined, 
and it was found that the kinetics and the molecular 
weight distribution are sensitive to the rate coefficients 
for the very shortest chains. This result is a direct 
consequence of the inclusion of chain-length-dependent 
termination rate coefficients in our kinetic scheme. 

We have developed here equations which describe the 
complete molecular weight distribution in any free- 
radical polymerization in which branching and cross- 
linking are unimportant. Methods are also described 
which enable numerical solutions to be obtained for the 
nonlinear integrodifferential equations which specify the 
MWD. The scheme takes into account initiation, trans- 
fer, propagation, and termination, allowing all of these 
to be dependent upon the degrees of polymerization of 
the growing chains involved. The model is applicable 
to bulk and solution polymerizations and to compart- 
mentalized systems (conventional and micro- and mini- 
emulsion polymerizations); in the latter case, phase- 
transfer events (radical entry into and exit from latex 
particles, and the aqueous phase kinetics of the various 
radical species) are specifically included. The depen- 
dence of the termination rate coefficient upon the 
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